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Abstract
We study a system of two coupled oscillators (the A oscillator) each of the oscillators linearly interacts
with its own heat bath consisting of a set of independent harmonic oscillators (the B oscillators). The
initial state of the A oscillator is taken to be coherent while the B oscillators are in thermal states. We
analyze the time-dependent state of the A oscillator which is a two-mode Gaussian state. By making
use of Simon’s separability criterion we show that this state is separable for all times. We consider the
equilibrium state of the A oscillator in detail and calculate its Wigner function.
Keywords: Gaussian states, separability, Wigner function, non-Gibbsian state, coupled harmonic oscil-
lators, thermal reservoir.
1 Introduction
Entangled continuous-variable states are of great importance in quantum informational theory due
to its various practical applications (see, e.g., [1]). In this regard, entangled Gaussian states are of great
importance as well. Moreover, Gaussian states, especially two-mode Gaussian states, are the most studied
ones among continuous-variable states in the sense that there exist separability criterion [2] and explicit
formulas of different measures of entanglement (see, e.g., [3, 4]) for two-mode Gaussian states. However,
in real experiments the interaction of the system under study with the environment is unavoidable.
This interaction leads to the degradation of the entanglement in the system [5], i.e. the amount of
entanglement decreases. In these papers the initial state of the system under consideration is assumed
to be entangled. On the other hand, initially separable states can become entangled in the presence
of dissipation. This phenomenon called the emergence of entanglement is a subject of various studies
(see, e.g., [6]). Thus preservation of entanglement in dissipative systems received much attention. There
exist different approaches to study systems with dissipation, for example, an approach based on the
quantization through the classical constant of motion was suggested in [7]. Another approach is based on
the interaction of the system in question with a heat bath. One of the frequently used model of a heat
bath is a collection of harmonic oscillators [8]. The concept of squeezed states to study the dynamics of
weakly coupled oscillators was applied in [9]. The model of an oscillator interacting with a heat reservoir,
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which also consists of oscillators was the subject of investigation in various papers [10, 11]. The path
integration method was used in [12–14] to analyze the evolution of quantum oscillators interacting with
separate reservoirs. The dynamics of a qubit coupled to a large number of harmonic oscillators was
studied in [15]. The entanglement evolution of two coupled quantum oscillators interacting with one
reservoir or two reservoirs analyzed in [6, 16, 17]. The dynamics of networks of oscillators connected to
the external environment modeled by a set of independent oscillators was considered in [8, 18].
In this paper we study two interacting quantum harmonic oscillators (the A oscillator) each coupled
to its own heat bath characterized by its own temperature. Each of the baths is modeled by an infinite
set of independent harmonic oscillators (the B oscillators). We assume that the interaction between the
A oscillator and the B oscillators is linear in their position and momentum operators. The evolution of
the system is such that the state of the A oscillator being Guassian at initial time remains being Gaussian
for all times. For long times the A oscillator reaches the equilibrium state which is not Gibbsian and
characterized by the temperatures of the baths. The aim of the present paper is the analysis of the
entanglement properties of the equilibrium state reached by the A oscillator.
The paper is organised as follows. In Sec 2, following [8], we study the evolution of the density
operator of the A oscillator which can be obtained by reducing the density operator of the entire system
over the variables of heat baths. For special choice of the initial state of the system the state obtained
has a Gaussian form and thus fully characterized by its covariance matrix. We give an explicit expression
for the time-dependent covariance matrix of the A oscillator. Using Simon’s separability criterion we
prove that the state of the A oscillator is separable for all times. In Sec. 3 we show that the A oscillator
for long times reaches the equilibrium state and calculate the covariance matrix of this state. In Sec. 4
we obtain the Wigner function for this equilibrium state. Then we consider the equilibrium state for the
case of equal temperatures of the baths. Finally, a brief summary is given in Sec. 5.
2 The density operator of the two coupled oscillators
Following [8], let us consider a system of two coupled quantum oscillators A1 and A2. We designate
the two oscillators in question as the A oscillator. Each of the two oscillators linearly interacts with
its own heat bath each of which modeled by the infinite set of oscillators denoted below as the B1 and
B2 oscillators. The temperatures of the baths are different in general. We denote the oscillators of a
heat bath containing a system of the two aforehead mentioned baths as the B oscillators. We take the
Hamiltonian of the system under consideration to be of the form
Hˆ = ω
(
aˆ†1aˆ1 + aˆ
†
2aˆ2
)
+ λ
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)
+
∑
k
ωk
(
bˆ†1k bˆ1k + bˆ
†
2k bˆ2k
)
+
∑
k
[
λk
(
aˆ†1bˆ1k + aˆ
†
2k bˆ2k
)
+ λ∗k
(
aˆ1bˆ
†
1k + aˆ2k bˆ
†
2k
)]
, (1)
where aˆ†i , aˆi, bˆ
†
ik and bˆik are the creation and annihilation operators of the Ai and Bi oscillators, respec-
tively, ω and ωk are the frequencies of the A oscillator and B oscillators, λ is a coupling constant of the
A1 and A2 oscillators, λk are a set of complex coupling constants, and λ
∗
k are the complex conjugates
of λk. We assume that the interaction of each oscillator Ai with its heat bath is symmetric and the
parameters ωk and λk are the same for each Ai oscillator. Here and throughout the paper the subscript
i takes two values, 1 and 2, the subscript k labels oscillators in the ith heat bath and vary from 1 to ∞.
2
The subscript k can be continuous, in this case the summation over k is assumed to be an integration
over the continuous k. The Planck and the Boltzmann constants are taken to be unity, i.e. ~ = 1 and
kB = 1. It is necessary to point out that the Hamiltonian is written in the rotated-wave approximation
form in which the effect of the antiresonance terms aˆ†i bˆ
†
ik and aˆibˆik, i = 1, 2 is neglected.
Our purpose is to obtain, following [8], the time-dependent density operator of the A oscillator. To
do that, let us first specify its initial state. We assume that the A oscillator initially in the pure coherent
state |α1, α2〉 = |α1〉|α2〉 (that is, |αi〉 is an eigenstate of the annihilation operator aˆi with the complex
eigenvalue αi, i.e. aˆi|αi〉 = αi|αi〉), whereas the B oscillators are initially in thermal states. The reduced
density operator ρˆik of the kth oscillator in the Bi heat bath is given by
ρˆik =
∫
exp
(
−|βik|
2
〈nik〉
)
|βik〉〈βik| d
2βik
pi〈nik〉 , (2)
in which 〈nik〉 is the mean number of quanta. Here d2βik means that the integration is performed over
the real and imaginary parts of the complex number βik, d
2βik = d(Reβik) d(Imβik). If the Bi heat
bath is characterized by a temperature Ti, then the mean number of quanta is described by the Plank
distribution
〈nik〉 =
(
exp
(
ωk
Ti
)
− 1
)−1
. (3)
The density operator of the entire system comprising the A and B oscillators at initial time t = 0 is
assumed to have the factorized form
ρˆ(0) = |α1, α2〉〈α1, α2|
∏
ik
ρˆik
=
∫
|α1, α2, {βik}〉〈α1, α2, {βik}|
∏
ik
exp
(
−|βik|
2
〈nik〉
)
d2βik
pi〈nik〉 (4)
Here |α1, α2, {βik}〉 denotes the direct product of coherent states
|α1, α2, {βik}〉 = |α1〉|α2〉
∏
ik
|βik〉. (5)
The evolution of the density operator ρˆ(t) of the entire system is governed by the von-Neumann
equation
i
∂ρˆ(t)
∂t
=
[
Hˆ, ρˆ(t)
]
(6)
with an initial condition (4). The explicit form of the operator ρˆ(t) is not of interest to us, since our
purpose is the calculation of the density operator for the A oscillator defined as the partial trace of ρˆ(t)
over all the coordinates of the B oscillators, namely
ρˆA(t) = TrB ρˆ(t). (7)
The expression for ρˆA(t) is the following [8]
ρˆA(t) =
∫
|α1(t), α2(t)〉〈α1(t), α2(t)|
∏
ik
exp
(
−|βik|
2
〈nik〉
)
d2βik
pi〈nik〉 , (8)
3
where the time-dependent functions α1(t) and α2(t) are given by
α1(t) = α1 (u1(t) + u2(t)) /2 + α2 (u1(t)− u2(t)) /2 +
∑
k
β1k (v1k(t) + v2k(t)) /2 + β2k (v1k(t)− v2k(t)) /2
α2(t) = α1 (u1(t)− u2(t)) /2 + α2 (u1(t) + u2(t)) /2 +
∑
k
β1k (v1k(t)− v2k(t)) /2 + β2k (v1k(t) + v2k(t)) /2. (9)
The explicit expression for the functions ui(t) and vik(t) is given in the next section, in this section we
are not interested in the form of this functions. It is worth noting that the state of the A oscillator is
Gaussian at any time t ≥ 0 and determined by only the averages and the second moments.
It is clear from (8) that the reduced density operator ρˆA(t) does not factorize for t 6= 0 since the
functions α1(t) and α2(t) depend linearly on the βik. Therefore, the question arises if the state of the A
oscillator is entangled or separable? In order to answer the question, it is convenient to introduce the
following covariance matrix
Q(t) =

Qx1x1 Qx1p1 Qx1x2 Qx1p2
Qx1p1 Qp1p1 Qx2p1 Qp1p2
Qx1x2 Qx2p1 Qx2x2 Qx2p2
Qx1p2 Qp1p2 Qx2p2 Qp2p2
 . (10)
The elements of the covariance matrix are defined as Qab = TrA
(
ρˆA(t)aˆ bˆ
)
−TrA (ρˆA(t)aˆ) TrA
(
ρˆA(t)bˆ
)
,
where the trace is taken over the coordinates of the A oscillator. Here xˆi and pˆi are the position and
momentum operators of the Ai oscillator, namely xˆi = (aˆi+ aˆ
†
i )/
√
2ω, pˆi =
√
ω(aˆi− aˆ†i )/i
√
2. The entries
of the covariance matrix for the A oscillator can be easily obtained from (8), (9) and are given by
ωQx1x1(t) =
1
ω
Qp1p1(t) =
1
2
+
1
4
∑
k
〈n1k〉|v1k(t) + v2k(t)|2 + 〈n2k〉|v1k(t)− v2k(t)|2,
ωQx2x2(t) =
1
ω
Qp2p2(t) =
1
2
+
1
4
∑
k
〈n1k〉|v1k(t)− v2k(t)|2 + 〈n2k〉|v1k(t) + v2k(t)|2,
ωQx1x2(t) =
1
ω
Qp1p2(t) =
1
4
∑
k
(|v1k(t)|2 − |v2k(t)|2) (〈n1k〉+ 〈n2k〉) ,
Qx1p2(t) = −Qx2p1(t) =
1
4i
∑
k
(v1k(t)v
∗
2k(t)− v∗1k(t)v2k(t)) (〈n1k〉 − 〈n2k〉) . (11)
The other elements of the matrix Q are equal to zero. It is worth noting that all the elements of Q are
real. In [2] Simon derived a criterion for bipartite Gaussian continuous-variable states. The immediate
consequence of the criterion is that a bipartite Gaussian state for which the inequality
det
(
Qx1x2 Qx1p2
Qx2p1 Qp1p2
)
≥ 0 (12)
holds is separable. The latter determinant for the A oscillator reads
Qx1x2(t)Qp1p2(t)−Qx1p2(t)Qx2p1(t) = ω2Q2x1x2(t) +Q2x1p2(t) ≥ 0. (13)
Therefore, the state of the A oscillator is separable for all times t ≥ 0.
4
3 The equilibrium state of the two coupled oscillators
In this section we prove that for long times the A oscillator reaches an equilibrium state, which is
non-Gibbsian, and obtain the explicit expression for the covariance matrix of this state.
The functions αi(t) which appear in (8) are the solution of the infinite set of linear differential
equations [8]
dαi(t)
dt
= −iωαi(t)− i
∑
k
λkβik(t),
dβik(t)
dt
= −iωkβik(t)− iλ∗kαi(t) (14)
with the initial conditions
αi(0) = αi, βik(0) = βik. (15)
The general solution of this set of equations is given by (9) (we are not interested in the form of βik(t)
since they do not enter the state of the A oscillator) and expressed in terms of the functions ui(t) and
vik(t) satisfying the initial conditions
ui(0) = 1, vik(0) = 0. (16)
Unless we specified the form of the functions ui(t) and vik(t), the formulas for the reduced density operator
ρˆA (8) and for the elements (11) of the covariance matrix are have so far been regarded as exact. The
authors of the paper [8] made use of the Weisskopf-Wigner approximation to solve the system (14). The
explicit expressions for the functions ui(t) and vik(t) read
ui(t) = exp [−κit− i(Ωi + δΩi)t] ,
vik(t) =
−iλk
κi + i(Ωi + δΩi − ωk) {exp [−iωkt]− exp [−κit− i(Ωi + δΩi)t]} , (17)
in which Ω1 = ω + λ, Ω2 = ω − λ, the damping constants κi and the frequency shifts δΩi are defined by
the relation
δΩi − iκi = lim
→0
∑
k
|λk|2
Ωi − ωk + i . (18)
The Weisskopf-Wigner approximation requires that the frequency spectrum ωk should be continuous
near the frequencies Ωi; the constants δΩi and κi should be small in comparison with the frequencies Ωi
and the coupling constants λk. Also we assume that the coupling constants λk are much smaller than
λ. This assumption means that the relaxation processes corresponding to the interaction between the
two oscillators take place quickly in contrast to the relaxation processes corresponding to the interaction
with the heat baths.
Let us first evaluate the element Qx1x1 (11) of the covariance matrix Q. It is seen from (17) that the
functions |vik(t)| have a sharp peak at ωk = Ωi + δΩi and decrease rapidly outside a frequency band of
width ∆ωk ≈ 2κi. Moreover, the peaks are frequency separated from each other, that is, the values of
the function |v1k(t)| are small in the neighborhood of the peak of |v2k(t)| and vice versa. Then, since the
mean number of quanta 〈nik〉 is smooth function, we may write
ωQx1x1(t) =
1
2
+
1
4
(
〈nΩ11 〉+ 〈nΩ12 〉
)∑
k
|v1k(t)|2 + 1
4
(
〈nΩ21 〉+ 〈nΩ22 〉
)∑
k
|v2k(t)|2, (19)
5
where we have neglected the cross-terms of the form v∗1k(t)v2k(t). Here 〈nΩij 〉 is the mean number of
quanta at frequency Ωi and temperature Tj , j = 1, 2, namely
〈nΩij 〉 =
(
exp
(
Ωi
Tj
)
− 1
)−1
. (20)
Making use of the identity
|ui(t)|2 +
∑
k
|vik(t)|2 = 1, (21)
which follows from the unitarity of the evolution operator of the entire system, we obtain
ωQx1x1(t) =
1
2
+
1
4
(
〈nΩ11 〉+ 〈nΩ12 〉
) (
1− |u1(t)|2
)
+
1
4
(
〈nΩ21 〉+ 〈nΩ22 〉
) (
1− |u2(t)|2
)
. (22)
For long time t κ−1i we have |ui(t)|  1, hence
ωQx1x1(∞) ≡ A =
1
2
+
1
4
(
〈nΩ11 〉+ 〈nΩ12 〉+ 〈nΩ21 〉+ 〈nΩ22 〉
)
. (23)
One can evaluate the other elements of the covariance matrix Q in the same fashion
Q(∞) =

ω−1A 0 ω−1B 0
0 ωA 0 ωB
ω−1B 0 ω−1A 0
0 ωB 0 ωA
 , (24)
in which A is given by (23), whereas B reads
B =
1
4
(
〈nΩ11 〉+ 〈nΩ12 〉 − 〈nΩ21 〉 − 〈nΩ22 〉
)
. (25)
The obtained state determined by the covariance matrix (24) is the equilibrium state of the A oscillator
and called the intermediate equilibrium state [8]. One can see that this state is a non-Gibbsian since it
is determined by both the temperatures T1 and T2. The intermediate equilibrium state is stable in the
sense that if the state of the A oscillator is excited, it comes back to the specified intermediate state.
4 The Wigner function for the equilibrium state of the two coupled
oscillators
In this section we obtain the density matrix of the intermediate equilibrium state in position represen-
tation and verify that for the case of equal temperatures, T1 = T2, the state becomes the usual Gibbsian
state. This can be easily done by calculating the corresponding Wigner function.
The Wigner function of a quantum state represented by the density operator ρˆ is defined by [19] (for
one mode)
W (q, p) =
∫
du
2pi
exp (ipu) 〈q − u
2
|ρˆ|q + u
2
〉. (26)
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Here the integration goes from −∞ to ∞. The Wigner function is a quasi-probability function on phase-
space and its marginals yield the quantum probabilities for the position and momentum, i.e.∫
W (q, p)dq = 〈p|ρˆ|p〉,
∫
W (q, p)dp = 〈q|ρˆ|q〉. (27)
The Wigner function satisfies the normalization condition∫
W (q, p)dqdp = 1 (28)
and enables to calculate the quantum-mechanical expectation values of symmetrized product of n position
and m momentum operators S(xˆnpˆm) in the classical-like fashion [20]
Tr [ρˆS(xˆnpˆm)] =
∫
xnpmW (x, p)dxdp. (29)
However, the Wigner function can not be considered as a fair probability distribution since it may admit
negative values (see, e.g., [21]). It is worth noting that the volume of the negative part of the Wigner
function can be regarded as an indicator of nonclassicality of quantum states [22].
The generalization of the Wigner function to the case of two-mode is straightforward
W (x1, p1, x2, p2; t) =
∫
du1du2
4pi2
exp (i(p1u1 + p2u2)) 〈x1 − u1
2
, x2 − u2
2
|ρˆ(t)|x1 + u1
2
, x2 +
u2
2
〉, (30)
where we included the dependence of the density operator and the corresponding Wigner function on
time. By definition, a quantum state is said to be Gaussian if its Wigner function has Gaussian form. A
general form of a two-mode Gaussian Wigner function reads
W (x1, p1, x2, p2; t) =
1
4pi2
√
detQ(t)
exp
−1
2
4∑
i,j=1
(ξi − 〈ξi(t)〉)Q−1ξiξj (t)(ξj − 〈ξj(t)〉)
 . (31)
Here Q(t) is the covariance matrix (10), ξi are the arguments of the Wigner function, (ξ1, ξ2, ξ3, ξ4) =
(x1, p1, x2, p2), Q
−1
ξiξj
(t) denotes an element of the inverse covariance matrix, four parameters 〈ξi(t)〉 are
the average values of momentum and position operators, 〈ξ1(t)〉 = 〈xˆ1〉, 〈ξ2(t)〉 = 〈pˆ1〉, 〈ξ3(t)〉 = 〈xˆ2〉
and 〈ξ4(t)〉 = 〈pˆ2〉, where the averages are calculated through the density operator of the A oscillator,
for example 〈ξ1(t)〉 = Tr (ρˆA(t)xˆ1).
The Wigner function of the intermediate equilibrium state described by the covariance matrix (24)
reads
WA(x1, p1, x2, p2;∞) =
(
eΩ1/T1 − 1) (eΩ2/T2 − 1)
pi2
(
eΩ1/T1 + 1
) (
eΩ2/T2 + 1
) ×
exp
(
− e
Ω1/T1+Ω2/T2 − 1(
eΩ1/T1 + 1
) (
eΩ2/T2 + 1
) (ωx21 + ω−1p21 + ωx22 + ω−1p22)+ 2 eΩ2/T2 − eΩ1/T1(eΩ1/T1 + 1) (eΩ2/T2 + 1) (ωx1x2 + ω−1p1p2)
)
.(32)
In the derivation of (32) we used the fact that the average values of momentum and position operators
vanish in the long time limit, i.e. 〈ξi(∞)〉 = 0, i = 1, .., 4. The Wigner function (32) corresponding to
the case of equal temperatures was obtained in [23].
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One can easily check that the transformation inverse to (30) is given by
ρ(x′1, x
′
2, x1, x2; t) =
∫
W
(
x1 + x
′
1
2
, p1,
x2 + x
′
2
2
, p2; t
)
e−ip1(x1−x
′
1)−ip2(x2−x′2)dp1dp2, (33)
where the density matrix in position representation reads ρ(x′1, x′2, x1, x2; t) = 〈x′1, x′2|ρˆ(t)|x1, x2〉. Insert-
ing (32) into (33), we obtain the density matrix for the intermediate equilibrium state
ρA(x
′
1, x
′
2, x1, x2;∞) =
ω
pi
√
coth Ω12T1 coth
Ω2
2T2
exp
[
−ω
4
(
coth
Ω1
T1
+ coth
Ω2
T2
)(
x21 + x
2
2 + x
′2
1 + x
′2
2
)
+
ω
2
(
1
sinh Ω1T1
+
1
sinh Ω2T2
)(
x1x
′
1 + x2x
′
2
)− ω
2
(
coth
Ω1
T1
− coth Ω2
T2
)(
x1x2 + x
′
1x
′
2
)
+
ω
2
(
1
sinh Ω1T1
− 1
sinh Ω2T2
)(
x′1x2 + x1x
′
2
)
] . (34)
In the case of equal the temperatures of the baths, i.e. T1 = T2 ≡ T , the density matrix (34) is the
equilibrium state of a two coupled oscillators
ρˆT =
[
Tr exp
(
−Hˆ12/T
)]−1
exp
(
−Hˆ12/T
)
. (35)
with the Hamiltonian
Hˆ12 = ω
(
aˆ†1aˆ1 + aˆ
†
2aˆ2
)
+ λ
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)
(36)
embedded in a heat bath characterized by a temperature T , i.e. ρA(x
′
1, x
′
2, x1, x2;∞) = 〈x′1, x′2|ρˆT |x1, x2〉.
This equilibrium state is know to be a Gibbsian one. The density matrix (35) of two coupled oscillators
in position representation was calculated in [24].
5 Conclusions
To conclude, we summarize the main results of the present paper. We considered, following [8], a
system of two coupled quantum oscillators (the A oscillator) each embedded in its own thermal bath with
different temperatures. Each of the baths are modeled by an infinite set of independent oscillators (the
B oscillators). We assumed that the initial state of the A oscillator is a direct product of coherent states,
whereas the bath’s oscillators are initially in thermal states. The time-dependent state of the A oscillator
is a bipartite Gaussian state. We used Simon’s separability criterion for two-mode Gaussian states and
proved that the state of the A oscillator being separable at initial time t = 0 remains to be separable for
all times t ≥ 0. As time goes to infinity the state of the two oscillators under consideration approaches
to the intermediate equilibrium state which is a non-Gibbsian and depends on the temperatures of the
baths. We gave an explicit expression for the Wigner function as well as the density matrix of this state
in position representation. We considered the case of equal temperatures of the baths and showed that
the intermediate equilibrium state is Gibbsian in this case.
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